




Geometric Modeling in Computer – aided
Geometric Design

Oscar E. Ruiz Salguero

Carlos A. Cadavid Moreno

CAD CAM CAE Laboratory
Universidad EAFIT

COLOMBIA



Geometric Modeling in Computer – aided Geometric Design

Primera edición: abril de 2018

© Oscar Ruiz Salguero
© Carlos Cadavid Moreno

© Editorial  EAFIT
 Carrera 49 No. 7 sur - 50 
 Tel.: 261 95 23, Medellín
 http://www.eafit.edu.co/fondoeditorial
 e-mail: fonedit@eafit.edu.co

ISBN: 978-958-720-431-5

Imagen de carátula: Pre-columbian Shape ([RSSRJ16,RSGEH+16]) and Jello Block in Fixed 
Grid ([[RCL+08, RCC+09]])

Universidad EAFIT | Vigilada Mineducación Reconocimiento como Universidad: Decreto Nú-
mero 759, del 6 de mayo de 1971, de la Presidencia de la República de Colombia. Re conocimiento 
personería jurídica: Número 75, del 28 de junio de 1960, expedida por la Gobernación de Antioquia. 
Acreditada institucionalmente por el Ministerio de Educación Nacional hasta el 2026, mediante 
Resolución 2158 emitida el 13 de febrero de 2018. 

Prohibida la reproducción total o parcial, por cualquier medio o con cualquier propósito, sin la 
autorización escrita de la editorial

Editado en Medellín, Colombia

Ruiz Salguero, Oscar Eduardo 
      Geometric Modeling in Computer – aided Geometric Design / Oscar Ruiz Salguero, Carlos 
Cadavid Moreno. -- Medellín: Editorial EAFIT, 2018
       138 p.; 24 cm. -- (Colección Académica)           
 ISBN 978-958-720-431-5  
 1. Computer Aided Design. 2. Geometric Modeling. 3. Computer Aided Manufacturing. 
I. Tít. II. Serie. III. Cadavid Moreno, Carlos Alberto; Ruiz Salguero, Oscar Eduardo

620.00420285 cd 21 ed.
R934
 Universidad EAFIT - Centro Cultural Biblioteca Luis Echavarría Villegas



Contents

1 Introduction 3

2 Mathematical Background 5
2.1 Definition. Bijective Functions and Isomorphisms. . . . . 5
2.2 Definition. Metric or Distance Function. . . . . . . . . . 6
2.3 Definition. Open Ball. . . . . . . . . . . . . . . . . . . . 6
2.4 Definition. Open Set vs. Closed Set. . . . . . . . . . . . 6
2.5 Definition. Boundary, Interior, Regular Sets. . . . . . . . 7
2.6 Definition. Topology and Topological Space. . . . . . . . 8
2.7 Definition. Neighborhood . . . . . . . . . . . . . . . . . 9
2.8 Definition. Neighborhood Topology . . . . . . . . . . . . 9
2.9 Definition. Disks and Half-disks S2 and S1 . . . . . . . . 11
2.10 Definition. 2-Manifold in R3 . . . . . . . . . . . . . . . . 12
2.11 Definition. 2-Manifold with Border in R3 . . . . . . . . . 12
2.12 Definition. 1-Manifold in R3 . . . . . . . . . . . . . . . . 12
2.13 Definition. 1-Manifold with Border in R3 . . . . . . . . . 15
2.14 Examples of Non-manifold Topologies . . . . . . . . . . . 16
2.15 Definition. Connected Set in R3 . . . . . . . . . . . . . . 19

3 B-Reps 21
3.1 Solid (BODY) in R3 . . . . . . . . . . . . . . . . . . . . 24
3.2 LUMP in R3. . . . . . . . . . . . . . . . . . . . . . . . . 25
3.3 SHELL. . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
3.4 FACE. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
3.5 LOOP. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
3.6 EDGE. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.7 VERTEX. . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.8 Example. Pre-Columbian Shape . . . . . . . . . . . . . . 30

i



ii CONTENTS

3.9 Examples Non-Manifold . . . . . . . . . . . . . . . . . . 44
3.10 Example. Manifold Preservation in Parametric CAD . . 52

3.10.1 Questions on Boundary - Representation . . . . . 54
3.11 Example. Repair of Extrusion of Non-manifold Sections. 57

3.11.1 Extrusion of Non-Manifold Cross Section . . . . . 58
3.11.2 Manifold Repair. . . . . . . . . . . . . . . . . . . 58

3.12 Exam Example. Repair of Non-manifold Pyramid. . . . . 62
3.12.1 Context . . . . . . . . . . . . . . . . . . . . . . . 62
3.12.2 B-Rep example . . . . . . . . . . . . . . . . . . . 62
3.12.3 Solution . . . . . . . . . . . . . . . . . . . . . . . 64

3.13 21
2
D Elements . . . . . . . . . . . . . . . . . . . . . . . . 69

4 Triangular B-Reps 71
4.1 Definition. Convex Set. . . . . . . . . . . . . . . . . . . . 72
4.2 Definition. Convex Hull. . . . . . . . . . . . . . . . . . . 73
4.3 Definition. k - simplices. . . . . . . . . . . . . . . . . . . 74

4.3.1 Low Dimension Simplices . . . . . . . . . . . . . 74
4.3.2 Inventory of i-Faces in a k-Simplex . . . . . . . . 75
4.3.3 Example. Simplicial Complex . . . . . . . . . . . 76

4.4 Boundary Representation for Triangle-Based Meshes . . 76

5 CSG Modeling 81
5.1 Constructive Solid Geometry tree. . . . . . . . . . . . . . 81
5.2 Primitives operands . . . . . . . . . . . . . . . . . . . . . 81
5.3 Unary Operations . . . . . . . . . . . . . . . . . . . . . . 83
5.4 Binary operators . . . . . . . . . . . . . . . . . . . . . . 83

5.4.1 Regularized Set Operations . . . . . . . . . . . . 84
5.5 Example CSG . . . . . . . . . . . . . . . . . . . . . . . . 85

5.5.1 Primitive operands . . . . . . . . . . . . . . . . . 86
5.5.2 Unary operations . . . . . . . . . . . . . . . . . . 87
5.5.3 Binary operations . . . . . . . . . . . . . . . . . . 87
5.5.4 CSG Tree structure . . . . . . . . . . . . . . . . . 87

5.6 Observations . . . . . . . . . . . . . . . . . . . . . . . . . 89

6 Enumerations 91
6.1 Scalar Fields . . . . . . . . . . . . . . . . . . . . . . . . . 93
6.2 Uniform Cell Decompositions . . . . . . . . . . . . . . . 94

6.2.1 Fixed Grids . . . . . . . . . . . . . . . . . . . . . 97



CONTENTS iii

6.2.2 Medical Imaging . . . . . . . . . . . . . . . . . . 100
6.3 Non-Uniform Cell Decompositions.

Quadtrees . . . . . . . . . . . . . . . . . . . . . . . . . . 101
6.3.1 Example Quadtree 3 Levels . . . . . . . . . . . . 102
6.3.2 Example Quadtree 4 Levels . . . . . . . . . . . . 108
6.3.3 Observations on Quadtrees. . . . . . . . . . . . . 110
6.3.4 Quadtree Boolean Operations . . . . . . . . . . . 113
6.3.5 Theoretical Discussion. . . . . . . . . . . . . . . . 114
6.3.6 Octrees. . . . . . . . . . . . . . . . . . . . . . . . 115

7 Acknowledgments 117



iv CONTENTS



CONTENTS 1

Dedication

I want to dedicate this book to Adriana and Simon, for their love
and patience. C. A. C. M.

Thanks to my parents, brothers, sisters, professors, teachers, who
taught me with patience and affection the love for independent and
formal thinking, and thanks to Maria Stella, Pastora and friends, who
try very hard to civilize me. O. E . R. S.



2 CONTENTS



Chapter 1

Introduction

The domain of Computer Aided Design continuously changes, incor-

porating new technologies. However, a rough subdivision of CAD can

be made into: (1) Geometric Transformations, (2) Parametric Curves

and Surfaces, and (3) Geometric Modeling. This book visits Geomet-

ric Modeling. This domain seeks to give formal geometric representa-

tion to the usual objects in engineering, arts, medicine, among other

fields. Geometric Models internally use both Geometric Transforma-

tions and Parametric Curves and Surfaces, among many other mathe-

matical methods.

However, Geometric Modeling is the domain in which a CAD Soft-

ware end-user can make modeling decisions that will be reflected in

most immediate manner in the quality of the data, agility of import /

export processes, and subsequent usage in FEA, Manufacturing, Visu-

alization, Prototyping, etc. The other domains (1 and 2 above) run in

the interior of a Geometric Modeler, but the end - user usually has little

opportunity to affect functioning or decisions of such methods.

This book intends to give the reader the theoretical foundations to

understand and solve the problems that arise when using CAD data in

downstream applications (e.g. Computational Mechanics). By under-

3



4 CHAPTER 1. INTRODUCTION

standing the theory, for example the concept of Manifoldness, the CAD

user will understand the difficulty in exporting, meshing and solving a

FEA problem. Such an understanding will allow this user to adopt cor-

rect design practices, which will save up to 90 % of the resources spent

in the trial - and - error process of Design vs. Usage of the Design.

The various Geometric Modeling techniques (Boundary Representa-

tion, Constructive Solid Geometry, Design Intent, Enumerations, Mesh-

ing, etc,) obviously interplay with each other and such conversions are

precisely which amplify their application domain. This book intends to

give formal (although intuitive) mathematical definitions, as needed to

understand the important points. The book avoids an overly mathe-

matical treatment of the concepts. In similar manner, this book does

not go into the conversion among the modeling schema above, because it

has combinatorial size, and because in many cases such conversions are

not well defined in the mathematical domain (which does not impede

that they exist in the real - life engineering applications).

The examples in the book have been explained to generations of

students in U. EAFIT, in the courses Introduction to CAD CAM Sys-

tems, Geometric Modeling, Underlying Mathematics for CAD CAM,

Computer Aided Geometric Design, and others. The authors decided

to compile and order this material, and have directed the solution and

edition of such examples, iteratively improving them, in an never - end-

ing process (as corrections frequently bring new imperfections). The

authors feel that these examples have reached a point in which the ed-

itorial quality allows their presence in this book. The authors wish to

thank this stream of collaboration, in the many editions of the above

courses. The citations of such collaborations appear in each example,

and in the Reference and the Acknowledgment sections.


